The theory of the scattering of neutrons by deuterons has been worked out for neutrons with energy in the range 9-11*5 MV. It is assumed that the interaction energy of all fundamental particles is the same, and calculations have been carried out assuming three types of such interaction-an ordinary unsaturated force, an exchange force of Majorana-Heisenberg type, and a 'mixed* exchange force involved all exchange operators. The spacedependent part of the interaction is taken to be of the form Ae~2r,a, with the constants A and a as determined by Present and Rarita from a study of the binding energies and collision properties of the light nuclei. To obtain differ ential equations for the functions describing the relative motion of neutron and deuteron Wheeler's method of resonating group structure was employed. The resulting integro-differential equations, which include exchange of particles as well as exchange forces, were solved numerically. An exact solution of the deuteron internal wave equation for the exponential inter action was used throughout.
The experimental investigation of neutron and proton collisions offers at first sight the simplest and most direct method of examining the nature of nuclear forces. The angular distribution of protons projected by impact of neutrons certainly depends very markedly on the nature of the forces acting, provided the energy of the neutron is sufficiently large for those colliding particles with one quantized unit of relative angular momentum to pass sufficiently close to affect each other appreciably. Unfortunately, this energy is somewhat larger than that of the only convenient source of * Exhibition of 1851 Senior Research Student. [ 123 ] neutrons, homogeneous in velocity, a t present available. These are th e neutrons of energy 2*2 MV resulting from th e reaction
D + D -> H e3 + n Q .
A detailed discussion of the elastic collisions of these neutrons w ith protons has been given in a previous paper (Massey an d B uckingham 1937) , and th e effects specific to the n atu re of th e forces were found to be so sm all as to be alm ost beyond th e lim it of experim ental detection (Dee and G ilbert 1937) .
In view of this it is im p o rtan t to consider th e possibility of arriving, from other collision experim ents, a t some m ore definite decision as to th e n a tu re of the fundam ental nuclear forces. E xperim ents on th e scattering of highenergy protons (15 MV) in hydrogen would give decisive inform ation, b u t these also are as y e t im practicable. The n ex t ty p e of collision, in order of sim plicity, is th a t of neutrons w ith deuterons and, from th e experim ental point of view, this has m uch to recom m endit. Thus, because of its low binding energy, a deuteron is a com paratively large stru ctu re an d neutrons of 2*2 MV energy, possessing one u n it of quantized angular m om entum relative to th e centre of m ass of th e deuteron, pass sufficiently close to its stru ctu re to in teract quite strongly. An angular distribution of projected deuterons departing m arkedly from th e form characteristic of collisions in which s state interactions are alone involved should therefore easily be observed. This is w hat is required, for the n a tu re of th e nuclear forces should be m ost ap p aren t in p -sta te interactions, as for neutron-proton collisions. On th e other hand, it is n o t possible to develop th e theory of neutron-deuteron collisions to th e same degree of accuracy as th a t for neutron-proton im pacts, and some u n certainty m ust always a tta c h to its predictions. In th is p ap er we calculate th e angular distributions and effective cross-sections for elastic collisions betw een neutrons of 2-2 MV energy an d deuterons a t rest, w ith as high degree of accuracy as is possible in dealing w ith th e three-body problem. Theoretical values have been obtained using fundam ental in te r actions of ordinary and of exchange types, so th e possibility of distinguishing betw een these types by collision experim ent can be thoroughly exam ined.
The m ethod and a large num ber of th e num erical tables required in th e calculation can be m ade use of to deal w ith th e closely sim ila r problem of th e collisions betw een protons and deuterons an d it is hoped to extend th e work to this case when circum stances perm it.
The fundamental laws of force
We assume th a t the interaction of a neutron and proton is the same as th a t between two neutrons and can be represented, for particles 1 and 2, by 'V (*12) = (w^i2 + hH12 + bM12 H12 + w)V (r12),
(1 where V(r12) is a function of r 12 = | r x -r21 only, M12 is the Majorana operator interchanging the positions but not the spin co-ordinates of the two particles and H12 the Heisenberg operator interchanging both positions and spins, m, h, w and b are pure numbers subject always to the condition m + h + w + b = 1. Further, if a; is the ratio of the magnitude of the interaction between particles with opposite and with same spin respectively, we have
The value of x may be determined from the known energies of the bound 3S and virtual X S states of the deuteron and is usually taken to be 0-6 (Motz and Schwinger 1940) . This still leaves two of the constants undefined and we consider three special cases in detail:
I. Ordinary force type: m = 0,h = 0 unsaturated type of force, a combination of an ordinary force and a spin dependent type. The choice of constants agrees with available experimental material concerning the deuteron and its validity cannot be precluded by arguments based on the necessity for saturation in heavy nuclei until it can be shown th at multibody forces or other phenomena are not effective in this respect.
II. Majorana-Heisenberg force: w = 0, 6 = 0, = This is a saturated exchange force of the type originally suggested and is the exchange analogue of I.
III. General interaction: m, h, w, b all finite. To fix completely all constants they were chosen so that, in the differential equations of relative motion of neutron and deuteron, no ordinary force appears. This requires h = 2 m = 26, giving m -26 = -5(1 -f 3a;), Ji = 2tv = -^(1 -3a;).
I t remains to fix the potential function F(r12). This was chosen to be of the form
with a = 1*73 x 10-13cm., A -242mc2.
The constants are those found by Present and Rarita (1937) to give the best representation of the binding forces of the light nuclei consistent with the observed scattering of neutrons and of protons by protons. Recent developments of meson field theory (Frohlich, Heitler and Kemmer 1938) have suggested th a t the best form for V(r) is V ( r) = r~xBe~Xr, and the discovery of the quadripole moment of the deuteron (Rabi, Ramsey and Zacharias 1939) has shown th a t the potential energy cannot be regarded as exactly spherically symmetrical. However, the departure from this symmetry is not very marked, and its influence on the scattering phenomena will probably not be large except a t such high energies th a t states with two units of quantized angular momentum become effective. We have therefore continued with the forms (2) and (3) with which the work was commenced before the development of meson theory.
General theory
The most suitable method for dealing with the collision problem is th a t of resonating group structure introduced by Wheeler (1937) and we follow this throughout.
Two somewhat different modes of treatm ent may be used, depending on whether or not the concept of isotopic spin is introduced to distinguish the identity of the particles. If it is employed, an interchange of two particles involves an interchange of all three sets of co-ordinates (position, spin and isotopic spin), and the complete wave function m ust be antisymmetric for interchange of any two of the three particles concerned. Alternatively the two neutrons are treated as particles distinct from the proton, only two sets of co-ordinates are involved in an interchange and the complete wave function m ust be antisymmetric in the co-ordinates of the two neutrons only. We use both methods and they are not found to produce substantially different results. The two cases will now be discussed separately.
Case (1 a) . Isotopic spin included. We distinguish the particles by the numbers 1, 2, 3. The two spin functions for particle 1, say, are denoted by a(l), /?(1) respectively, and the two isotopic spin functions for the same particle by a(l), 6(1), the first corresponding to the state in which particle 1 is a proton, the second to th a t in which it is a neutron.
A wave function representing a group structure (in the sense used by Wheeler (1937)) in which particles 1, 2 form a deuteron (in its ground state) can be written in the form
if we assume separability of spin and isotopic spin co-ordinates. Here 0(12,3) is a function of position, symmetrical (as indicated by the -) in the particles 1, 2, <r(12,3) is the spin function also symmetrical in the p ar ticles 1, 2, and p(l^, 3) is the isotopic spin function antisymmetrical with regard to the same two particles. Given this, it is now possible to construct a properly antisymmetric complete wave function for the three-particle system in the form !F(123) = w(12,3) + m>(23,1) + w(31,2),
which we adopt as the basis of our theory. I t is next necessary to examine how the function w is to be determined. Since we are dealing with a system in which the two particles bound in a deuteron have opposite isotopic spins, we write /o(l5,3) = 2~*{o(l) 6(2) -a(2) 6(1)} 6(3).
The total spin quantum number s of the system may be § or according as the spin of the third particle is the same or opposite to th a t of each particle comprising the deuteron. We therefore have cr(12,3) = a(l)a(2)a(3), quartet state, (s = §),
= a(l)a(2)/?(3), doublet state, = £).
For 0(12,3) we now make the approximation of supposing the presence of the third particle to be ineffective in polarizing the deuteron pair so th a t we may write 0(12,3) = x (1 2 )F (1 2 ,-3 ) ,
where %(12) is the unperturbed deuteron wave function for the relative motion of particles 1 and 2 in the ground state and 12, -3) is a function of the position of the third particle relative to the centre of mass of the other two.
In this way we are left with one unknown function which may be used to describe the scattering. For, if we obtain a solution for F which has the asymptotic form of a plane wave of unit amplitude and the corresponding scattered wave (in the relative co-ordinates), the square of the amplitude of this scattered wave gives the required intensity of elastic scattering. To derive the differential equation for F under the assumptions (5), (6) and (7), (8), (9) we proceed as follows.
The function W must satisfy the wave equation where Ed is the energy of the ground state of the deuteron ( -2-2 MV), E n th a t of the m otion of the incident neutron relative to th e deuteron (f of th a t of the neutron in the 'lab o rato ry ' system in which the deuteron is initially a t rest), and the functions 'V' are of the form (1). T is th e operator representing the kinetic energy of the motion, th a t of the centre of mass of the whole system having been separated out. I t m ay be w ritten in the form h2 <n) or in either of the two alternative forms differing from (11) only by cyclic interchange of the variables. M is here the mass of a neutron or proton, and Vf2, Vf2 3 are Laplacian operators in the relative co-ordinates of p a r ticles 1 and 2 and of particle 3 relative to the centre of mass of the other two, respectively. Substituting the form (5) for W, performing the exchange operations included in the functions m ultiplying both sides by cr(12, 3)/?(12,3) and summing over the spin and isotopic spin co-ordinates, gives the equa tions: Doublet:
For the doublet state it is now a simple m atter to derive the differential equation for F( 12, -3). I t is first convenient to introduce a more e notation for the various co-ordinates. The position vectors to the various particles from a fixed origin will be denoted by rl5 r2, r3. Then we write R = r1-r 2, r * r2) -r 3.
We note also the relations r2-r 3 = r -i R , r1-r 3 = r + ^R, -| r -|R .
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r i ~ i ( r 2 + r 3) -+ fR* r 2 -i ( r i + r a)
Substituting the form (9) for (f> in (12) and using the fact th a t Multiplying both sides of (14) by y(i?) and integrating over R space gives finally
where
1077*2 e = -3 j i -( t > 8x(M m <)xw ,
w = f | 2 r ' + r | , v = f |r ' + 2r|, < = f | r -r ' | , and we have changed the variable of integration from R to r ' = -| r -f R. A similar integro-differential equation may now be obtained for the quartet case but is more complicated owing to the presence of terms involving T on the right-hand side of (13). When we carry out the same operations as those which led to the derivation of (16) from (12) we obtain, on the righthand side, a term
which may be thrown into the same form as the right-hand side of (16) in the following way.
where we have transformed the first integral by use of (14) and the second by Green's theorem. Changing the variable of integration to r ', as in (16), the right-hand terms become
for the functions x satisfy the deuteron wave equation (14). Hence
Using this result we find, for the quartet case,
r, r') + P(r, r') + (25) where
Case (b). Neutron and proton treated as distinct particles. We now no longer include the isotopic spin co-ordinates so, distinguishing the neutrons by the numerals 1 and 2, the appropriate wave functions for the two cases are: Doublet:
Proceeding exactly as before, we find the following equations: Doublet:
As for case (a) (25).
Summary of equations obtained. For each case considered the integrodifferential equation derived for the function F can be written in the form
'r ') + y { p(r> r')+~ ^r 'r ')}] p <r ') '• (31) I t is convenient to summarize the values taken by a, /?, y for the quartet and the two doublet cases (doublet (a) including isotopic spin, doublet (6) treating neutrons and protons as distinct), for the three types of force considered. This is done in table 1. 1 +X - -i * is the ratio of the force between two nuclear particles when their spins are anti-parallel to that when they are parallel.
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In this table we have also included the values of a, /?, y which arise when the interactions between the fundamental particles are those assumed by Wheeler (1937) . I t will be noted th a t the constants satisfy the condition th at, if the 'potential' terms m m , fe < r>r ') r < r ')<»'.
were all equivalent, then all the equations would be the same.
Calculation of the s c a t t e r i n g
. To determine the scattering we see solution of the equation (31) which has the asymptotic form
Then, distinguishing doublet and quartet cases by indices D, Q respectively, we have, for the intensity of elastic scattering per unit solid angle about 6,
and for the total elastic cross-section
Q -j I(0)8m ( 33)
Here 6 is the relative angular co-ordinate. To obtain the angular distribution of projected deuterons in the system of co-ordinates in which the deuteron is initially a t rest ('laboratory' system) we write, if is the angle the direction of projection makes with th a t of the incident neutron, n, (r,r') .
We then have, using the orthogonal property of the harmonics,
The right-hand side of this equation vanishes as r-> 0 so the asymptotic form of the solution can be written fi ~ sin ( hr -\Itt + <5)).
I t then follows in the usual way (Mott and Massey 1933) th at
The problem is then one of determining the phases by numerical integra tion of the equation (36) for the various cases which arise. For our purposes it is only necessary to consider the cases with == 0, 1 as higher order phases are negligible except at neutron energies beyond 10 MV.
Numerical calculations
Calculation of potential function and kernels. The functions U, qh pt, nt all involve the solution x of the deuteron wave equation (14) . Using the function (3) for V, x may he found in terms of Bessel functions (Massey and Mohr 1935) and the normalized solution for the ground state is given by
with n = 0*7084, A and a as in (3).
This function was tabulated a t suitable intervals by using the series ex pansion to calculate the Bessel function a t various points and then inter polating. Its form is illustrated in figure 1 . For large r X ~0 *9389r~1e~°'2312r, a result made use of in calculating qt, p h nt for la values are given with 10-13 cm. as unit of length, and this unit will be used henceforward.
To calculate U we now have, using (3) and (17),
Using the tabulated values of x, ^ was evaluated for va integration. The resulting function is illustrated in figure 1 .
The evaluation of the kernels q0, qp0, p x\ w by numerical methods. At various suitably chosen points in the r, r' plane the integrals (35) were evaluated numerically either by Shovelton's or Gregory's method. Intermediate values were obtained by interpolation along lines in the rr' plane parallel to the main diagonal (through the origin), to the r, r' axes and in other directions, care being taken th a t interpolation in different directions gave the same results. Over 750 numerical integra tions were necessary to obtain sufficient points adequately to determine the kernels but the work was greatly reduced by being made as systematic as possible.
Contour lines illustrating the magnitudes of the various kernels are given in figure 2. I t will be seen th a t of the kernels for l equal to 0, p 0 and n0 have considerably greater range than q0. For small values o comparable and n0 much less, whereas for large r, r', q0 is negligible and p 0 and n0 comparable. However, p 0 and n0 are always combined with opposite signs (equation (36)), and as n0 has the larger factor it is the dominant term a t large distances. qx is so small everywhere as to be effectively negligible, and the main contribution for small r, r' arises from p x in those cases when a and y are not zero. I t will be noted also that, while the diagonal values of p x have the same sign as nx, for certain other values of r, r', p x changes sign. Solution of the equations. The procedure adopted depended largely on the particular case concerned. For 1 = 1 methods based on the usual pertur bation theory quickly gave the desired results, but for 1 = 0 other methods had to be employed so we discuss the different cases separately.
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= 0. Doublet (a). Mixed exchange forces.
For this case, which is especially simple as a = 0, use was made of an approximate analytical expression for the only kernel concerned in the form
with /i = 6*56, b = 1*25.
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-240 F ig u r e 2. C ontour represen tatives o f th e kernels g0, qx; p 0, p t ; ?i0, r, r' are g iv en in u n its o f 10-13 cm ., and th e num bers a tta ch ed to th e con tours represent u n its o f 1061 cm .-5.
Using this expression for q0 the equation (36) can be solved to give
where cot $0 = {463(62 -f A :2)4 +/i( -5b6 + + 5b2k* + (4 Equation (44) provides a t once a very satisfactory approximation to the doublet wave function, which can be improved by a simple iteration process. The fu n c tio n /0 is inserted in the integral on the right-hand side of (36), which then becomes a second order differential equation, soluble by the usual numerical methods. Suppose the solution with the same initial gradient a s / 0 i s / 1: a repetition of the process w ith /1 in place o f / 0 gives a further approximation to the exact solution which is rapidly attained with sufficient accuracy after two or three such approximations. For doublet equations the final solution invariably lies between f° and f 1 and the convergence is therefore quite stable.
In particular this method has been applied when k is equal to 0*075 and 0*50. A knowledge of the differences between the values of £0 given by (44) and those finally obtained for these values of k-differences which do not exceed 0*10 radian-makes it easy to apply a rough correction to the approximate results given by (44) Other doublet states. For all doublet states other than the one just con sidered, the equations are complicated either by the presence of a term in U (r)f0(r), or by a kernel which is not uniformly negative qr positive. I t is not then possible to obtain a good approximation by the simple method used above. However, when 1 = 0 the doublet solutions do not differ very much among themselves, and it is sufficient to take the solution for the doublet (a) state, with type I I I forces, as the basis of an iterative process to find a more accurate solution for any other doublet equation. This presents no numerical difficulty.
In a few cases detailed calculations have been made to derive £0; in particular, the doublet (a) phases for type I forces and k equal to 0-075 and 0-50, and also the doublet (6) phase for type I I I forces and k equal to 0-20. These phases appear to be slightly larger than the doublet (a) $0's for type I I I forces and the corresponding value of k.
Quartet state, Mixed exchange forces. Considerable difficulty was met here a t the outset. Because of the p0 and the n0 terms the kernel is not uniformly negative as in the doublet equation first considered; it is indeed large and negative for small values of r and r', but later changes sign and the positive tail is appreciable out to distances of 8 -12 x 10-13 cm.
Some preliminary investigations disclosed th at the solution differs very markedly from those for the corresponding doublet states, which were therefore valueless as a first approximation. Moreover, it turns out to be large in the region where the kernel is positive, and the product g(r, r') f(r') then has the effect of a repulsive field which is more than sufficient to counterbalance any attraction a t the shorter distances. An instability is thereby introduced which makes solution by iteration difficult and slowly convergent.
An insight into the behaviour of the solution for kernels of this type was obtained by representing the kernel by the approximate form -/irr' (e-a(r+r') -ye~^r+r')), a > /?
and examining the resulting solution which is expressible in analytical terms. If we give to a, /?, ji values of the order necessary to make the repre sentation reasonable, leaving the fourth parameter y variable, then tan 80 can be written as
where K , y0, y x are new constants depending on k as well as a, /?, fi. change in the phase d0 as y increases from zero is quite remarkable, mainly because y0 and y x are in general very nearly equal. Thus, assumin y0 c 7i, we see that, when y is zero or small, 80 is very close to tan -1 an angle which in general lies between 0 and if is positive. In the other limit when y > y 1? tan £ 0 is again nearly equal to K , but 80 is less than its initial value by tt. This is because 80 must vary continuously as y incr and as y increases to y0, #0 falls to zero and subsequently takes on negative values, the final value being between -and -A similar change occurs when y0 > yl5 but the initial value of $0 is between \n and and the final between 0 and -\n . Moreover it is clear th a t when y 1 ~ y0 is small compared with either y0 or y t, the change from the positive value of tan -1 K to the negative takes place very rapidly, and except in the neighbourhood of y0 and yl5 80 is close to one or other of the two steady ' values differing by Now although in the case of the quartet equation the kernel cannot be represented very satisfactorily by an expression as simple as (45), yet it appears that, for equations of the type we have been considering, there do exist two stable forms of solution which differ in phase approximately by tt, and which correspond to the doublet and quartet functions. Thus the doublet solution has a positive 80, corresponding to a kernel for which y is small or zero, whereas the quartet has a negative 80 such as would follow from a kernel with y greater than either y0 or y v In both instances in which the phase 8 § has been determined with precision for type II I forces, when k is 0*2 and 0*5, the difference 8$ -8$ is very close to it, as it should be if this interpretation is correct. The marked difference in the forms of the two solutions for k equal to 0*2 is clearly seen in figure 3.
The scattering of neutrons by deuterons quartet doublet distance (cm. x 10-13). I t is now evident th at one must proceed from an initial approximation of the right type in solving the quartet equation. In general, when faced with a kernel of the 'quartet ty p e', it is not possible to decide a t once whether the solution is one with positive 80 or with negative Not is to be gained by using the analytical solution obtained from (45), because the crudity of the approximation to the exact kernel leads to some ambiguity in allotting a value to y. This is rather serious if, as in the case of our quartet equation, the indicated value of y is in the region of y0 and y x\ then a rela tively small error of judgment in fixing y may lead to an initial solution with quite the wrong characteristics, and the subsequent iteration process will converge very slowly, if at all.
Although the details of the methods finally adopted for solving the quartet equation will be reserved for a later paper, we shall describe briefly one practicable method which was actually used. In this the equation (36) is first replaced bŷ +^ = J 0 {fi'o+Po + ^-^o } (46) the infinite range of integration being curtailed to one which is finite. I f R0 is not too large, say of order 4-6, it is possible to solve (46) in the range from 0 to R0 by replacing it by a set of finite difference equations, which m be solved to give a fu n c tio n /0 zero a t the origin and defined a t a num ber of equidistant points up to R 0. Numerical integration of (46) can then be applied to extend this function to R 1 ( > R 0). N ext the fu n c tio n /0 is used as a first approximation in solving the equation % +k* f= J" {«o+Po + ( l? - § ) Bo}/(*•') f° is introduced into the integral and an iterative process used to determine a consistent solution of (47), s a y / 1. This is again extended by numerical integration to R 2, and the process repeated until further increase in the upper limit to the integral produces no appreciable change in the solution.
Provided th a t R0, Rv R2, ... are suitably chosen this process give convergence to the exact solution required. I f R 0 is taken to be not greater than about 4 it is apparent from figure 3 th a t the function /° m ay not be very different whether the final solution is one with positive or negative However, when the part of the kernel between R 0 and R t (about 6) is intro duced in the course of solving (47), the main modification to /° is in the region R0-R 1} and this gives the first indication of the final form of the solution, according as w h e th e r/1 tends to lie above or b elo w /0 in this range. Further extensions of the range show more and more conclusively which type of solution is the proper one. Unlike the doublet case the convergence is such th a t the fu n c tio n s/0, f 1, / 2, ... form a sequence which tends to the final solution from one side only, and the convergence is in general slower than for the doublet. However, as usual in such processes, some experience allows the work involved to be much curtailed, since the final solution can be anticipated in some degree.
As already mentioned $ $ has been determined precisel 0*2 and 0*5, assuming mixed exchange forces. The rough rule which has been discovered, th a t the difference -8$ is nearly equal to n, enables to be estimated with almost equal precision for any other value of k for which is known. Other quartet states. The method outlined above for the solution of the quartet equation in the particular case of mixed exchange forces, is equally applicable for other types of force, when terms in U(r) may be present in the equation for /(r). One such case has been worked out in detail, assuming ordinary forces (type I) and k equal to 0-2, and the value of though still negative, is somewhat smaller in magnitude than the corresponding phase assuming mixed exchange forces. I t seems reasonable to assume the difference between 8$ and 8$ for other types of force does no far from n, hence rough estimates of 8$ for other values of k can be made as before.
= . Forces of type I I I .
These are characterized by having a = 0: the initial approximation for f x used to calculate the kernels on the side of (36) I t was verified by accurate solution of the equations by iteration, carried out for k -0 -2 and 0*5, th a t the value of £5 is itself quite a good approxima tion and this was used to obtain results for other cases. Accurate solution of the equations by iteration for 0-2 and 0*5 showed th a t this is a good initial approximation capable of use for other cases.
Forces of type I I . For the quartet cases these offered a more difficult problem but the case k = 0*2 was solved by a trial and error p The doublet states can be dealt with in the same way as for type I forces.
Numerical values of the phases. In table 2 the values of and 8t are given for several values of k and several types of force, including ordinary forces (type I), Majorana-Heisenberg exchange forces (type II), mixed exchange forces (type III), and the forces assumed by Wheeler (1937) . In the table the values obtained by exact numerical solution of the differential equations, as described in the present section, are in heavy type. Those phases derived by use of the perturbation methods described in the same section, which were found to yield results in agreement with the more accurate methods when both were tried, are indicated by enclosing brackets. The remaining #0 phases, in ordinary type, have been estimated by noting certain regularities of behaviour between the phases accurately calculated and relating these with expectations based on the approximate kernel (43). Of these the principal one, to which attention has already been drawn, is the close proxim ity of the difference 8 -8$ to the fact th a t 8® is slightly greater for the doublet (6) state than for the doublet (a), and slightly greater for ordinary forces than for exchange forces. f Note added in proof, 11 August 1941. Since these results were obtained, the accuracy of the numerical evaluation of the kernels has been increased in the course of an extension of the work to proton-deuteron collisions. As a result it appears that the quartet < J0, 8t phases as given in table 2 are slightly too small in absolute magnitude. The differences are unimportant, particularly for the lower energies. < No detailed calculations of £0 for exchange forces of type II, or those assumed by Wheeler, have been made, but it is probable th a t they are nearly the same as for the other forces. In fact it has been assumed throughout th a t the phases are the same as for the mixed exchange forces. A rough check has been carried out for k = 0*2 by using for the they have for the type I I I forces, and then carrying out the integration of the differential equation with the constants a, /?, y appropriate to a type I I force. I t was found th a t the resulting solution is not very different from th a t for the type I I I force, so partially confirming our assumption.
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Comparison with experiment
Angular distribution. I t will be noticed immediately th a t for all neutrons in the wide energy range considered (0-25 to 11*5 MV), the phases cal culated on the assumption of exchange forces, of either type, are much smaller than the corresponding ones for ordinary forces. Also the quartet 8X phases, which have the same sign for all types of force, are generally larger than the corresponding doublet phases. As the phases are practically independent of the type of force assumed it follows th a t the general form of the angular distribution can be expected to be rather similar for all types of force, but to exhibit a much wider variation for ordinary forces. This is clearly revealed in the angular distributions calculated for neutrons of 1*85MV (k = 0-2) and 11-5 MV (k = 0-5) energy, assuming the three types of force, and illustrated in figure 4 .
A t the lower energy, backward scattering (6 > 90°) is stronger than forward but the reverse is true a t the higher energy. The transition from one kind of distribution to the other occurs a t the energy such th a t 8$ passes through the value -\ tt,and for which 8$ is very c
The general conclusion th a t exchange forces lead to more uniform scattering is independent of the inclusion or otherwise of isotopic spin (thus differences between doublet (a) and doublet (6) do not appreciably affect the weighted mean cross-section), and of the type of exchange force assumed. I t is therefore probable th a t an experimental investigation of the scattered intensity a t neutron energies of 2 MV or higher would provide very valuable evidence about the nature of nuclear forces. At present the only evidence of this kind is given by the preliminary experiments of Kruger, Shoupp, Watson and Stallmann (1938) and the recent investigations of Barschall and Kanner (1940) , all using D-D neutrons. The results obtained by the two groups of workers do not agree, as Barschall and Kanner find th a t the angular distribution (in relative co-ordinates) is nearly uniform over the angular range investigated (70-120°), but the other workers find a distribu tion far from uniform.
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ngle of scattering Referring to figure 4 we see that, assuming the more recent work, th a t of Barschall and Kanner, to be correct, there is strong evidence in favour of the reality of exchange forces. Thus both types of forces I I and I I I give only a small variation in scattered intensity over the 70-120° range, whereas ordinary forces give an extreme variation of a t least 2:1 in this range. On the other hand the results of Kruger, Shoupp, W atson and Stallmann included in figure 4 also, do not agree with any of the calculated distributions. In view of this unsatisfactory position it is very desirable th a t further experimental results be obtained. Total elastic cross-section. The total cross-sections Q0, calculated by substitution of the phases given in table 2 into the formula (38), are illus trated in figure 5 as functions of the neutron energy. At low energies, to the accuracy of our calculations, there is little difference between the values derived from the various types of force, as in this range alone is important. At higher energies, when becomes appreciable, the cross-section cal culated on the assumption of ordinary forces is larger than those derived from exchange forces owing to the more rapid rise of in the former case. As we have not calculated for type I forces for neutron energies below 1*85 MV the shape of the cross-section curve for this case is not known for such energies. However, as it tends to near equality with the corresponding curve for exchange forces as k ->0 , it is highly probable th a t it mu a maximum at some energy between 0 and 1-85 MV.
The scattering of neutrons by deuterons
On the scale of figure 5 the difference between the curves for forces of type III, calculated with and without the assumption of isotopic spin, is inappreciable. For forces of type I I the cross-section, at energies beyond 1 MY or so, is less than for forces of type I I I but, as we have not calculated S f phases for k = 0-4 and k = 0-5 for this case, it is not possible to include an appropriate curve in figure 5 . However, for neutrons of energy 1,85MV we find th a t forces of type II give a cross-section of 2*105x 10-24 cm.2 (assuming isotopic spin) and of 2*07 x 10-24 cm.2 (assuming separate identity for neutron and proton). For D-D neutrons, Q0 has recently been measured by Aoki (1939) : by using neutrons emitted in various directions relative to the deuterons incident in the D-D reaction he obtained values of Q0 for neutrons of three different energies, 2-1, 2*4 and 2*8MV. His results, included in figure 5 , agree very well with the values calculated for exchange forces, bu t are considerably smaller than those calculated assuming ordinary forces of type I. Again we have evidence tending to favour exchange forces.
The most recent observed value of Q0 for thermal neutrons is th a t of Carroll and Dunning (unpublished but quoted by Motz and Schwinger 1940) , who find Q0 to be 5*7 x 10-24 cm.2, without allowance for the effect of molecular binding. As allowance for this requires the inclusion of a reduction factor of between 1*5 and 2-0, there appears to be good agreement with the value of 3*3 x 10-24 cm.2 which is obtained by a short extrapolation of our results to zero energy and which is independent of the nature of the forces (see also figure 6 ). Variation of range of fundamental interaction. The effect of an alteration of the range a of the fundamental interaction (3) on the total cross-section Q0 can be approximately determined as follows. If the deuteron wave func tion x can be easily calculated for a particular value of a it is not difficult to find the quantities fi, a which make the approximate kernel (43) a good representation of the actual q0 kernel for this case. All th a t is necessary is to use x to calculate by numerical integration a few of the diagonal elements of the kernel m atrix, and then to adjust y and a to give the best fit a t these points. By using (45) a good approximation to the dff phase may quickly be obtained, and it is reasonable to expect th a t 8$ will again be nearly equal to 8®-tt. The derivation of Q0, when 8X is small, follows a t once. The cross-sections Q0 derived from these constants for the increased values of a are illustrated in figure 6 . A t the lower neutron energies (< 1*5 MV) the total elastic cross-section Q0 is effectively equal to the zero order crosssection and in this range the cross-section is greater the greater the interaction range a. I t will be seen th a t the low velocity limit of the crosssection for the range 1*73 x 10-13 cm., used in our detailed calculation, falls within the limits obtained in the recent experiments quoted by Motz and Schwinger (1940) . The experimental uncertainty is due to the correction for molecular binding being known only to he between 1*5 and 2-0. The other ranges appear to give too large values a t the low velocity limit.
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At the higher energies the order .of the for different a changes over, but in this region Ql, the contribution from 8ls becomes im portant, as will be seen from figure 6. Since Ql a t its maximum is certainly of th as a2, its effect may well be to preserve the same order in the s a t high energies as a t low.
Comparison with previous theoretical results
Although no estimates of 8X phases for neutron-deuteron collisions have been published previously, a number of calculations of zero order phases have been carried out under various assumptions. SchifF (1937) used an approximate method to calculate the low velocity limit of the cross-section Q0, assuming forces of type II and for the particle interaction:
V(r) = A{e~*rlawith 36MV for A , 2*69 x 10~13 cm. for a, and for x (in (2)) the value 0-4. He used an exponential approximation for x(r) and found Q0 to be 6* 11 x 10-24 cm.2, which is 2-3 times too big. As it is difficult to estimate the accuracy of his approximation owing to the use of a co-ordinate system unusual in collision problems, it is likely th at much of the discrepancy can be traced to the inaccuracy of the method used. Ochiai (1937) used a method somewhat similar to th at of SchifF but embodying the relative co-ordinate system 'n atu ral' for collision problems; he also assumed forces of type II but with
and 30*3 MV for A, 2-69 x 10~13 cm. for a, 0*58 for x. Using a similar approxi mation for x he evaluated 8q and 8$ for neutrons of 0, 0-5 and 1-0 MV energy, and the values he gives for 8® agree very well with ours. Thus for these energies he finds th at tt -8qi s equal to 4-14&, 0-420 and 0-576 re whereas our results are approximately 4-4 0-481 and 0-66. For 8$ he obtains phases greater than ours by n, i.e. his 8® and 8$ are nearly equal, whereas our 8® phases are greater than the 8$'s by about This difference has no effect on the scattered amplitudes.
Fliigge (1938) derived the equations (12), (13) and carried out numerical calculations of 8®. He assumed an exchange force of type II I with x equal to 0-5, and a function V(r) of the same form as did Ochiai, but with 28-1 MV for A and 2-81 x 10~13 cm. for a. Representing y approximately by a func tion also of the form (49) he solved the equation (12) by an ingenious method. His results for 8® agree very closely with ours; thus for neutrons of 2-1 MV energy he obtains 8^ equal to 2-1 radians, which is to be compared with our result of 2-22 for the same energy. For some reason Fliigge erroneously assumed th at quartet zero order scattering is forbidden by the Pauli Principle and made no attem pt to determine 8$.
Finally, Motz and Schwinger (1940) have calculated the low energy limit of Q0 for exchange forces of types II and III. They have taken V(r) to be of the form (49), with 36 MV for A and 2-24 x 10~~13 cm. for a; for the type II forces the quantity x has the value 0-6, but for type II I they assume th at m = 2-13, h = -1-78, b = -1-35 and w = 2-00. Motz and Schwing equations to calculate the scattering by a method which introduces exchange effects in a different way to the method of resonating group structure, and they obtain equations for the functions r), which differ from ours in the omission of the terms involving the kernel N and also the contribution to the kernel P arising from x '(u )• For the type II forces they cross-section of 4-57 x 10-24 cm.2 and, for type III, 6*91 x 10~24 cm.2, both these values being considerably larger than th a t observed (see figure 6 ).
I t is im portant to decide how far our theoretical results are reliable in view of the complexity of the problem. The omission of the kernel N as made by Motz and Schwinger does not seem justified, as has been remarked by Wheeler (1937) , and any method based on the variation principle cer tainly includes it. The kernel N and the terms in P containing x ' arise from the necessity for satisfying certain orthogonality conditions which are not satisfied in a method such as th a t used by Motz and Schwinger. A similar situation arises in the theory of electron scattering with inclusion of ex change, as first pointed out by Feenberg (1932) and discussed by Mott and Massey (1933, p. 153 ). I t is of interest, however, to examine how the phases would be modified if Motz and Schwinger's equations were assumed. We may do this by using in place of our kernel P the kernel 1 fi7T2 M p ' = -g p -(f )3 xV) { V M + F(»)} x<*>)> the numerical values of which can be derived from our calculations of P by omitting the terms involving x'. The general effect of th the omission of the kernel N , is to change the sign of the contribution of the exchange forces to Sv Moreover the contributions from P ' are usually greater in absolute magnitude than those from P + -5/3) N . I t appears from an approximate numerical integration th a t the phases for ordinary forces remain considerably larger in absolute magnitude than the corre sponding ones for exchange forces, though in all cases, apart from doublet (a), the phases are changed in sign. As the absolute sizes of the various phases appear to be practically the same as for our calculations it follows th a t Motz and Schwinger's equations would lead to the same general conclusions as those used in our investigation, but the derived angular distributions would be the approximate mirror images of those we have found. This assumes that to the first approximation the S0 phases given by the Motz-Schwinger equations will differ only by the addition of n to our phases, a result which follows from the discussion in § 2. However, the numerical results given by Motz and Schwinger for the low velocity limit of Q0 do not agree with this, and, until it can be decided whether the discrepancy is due to the interaction 'V' assumed by them, it must remain uncertain how far the £0 phases will be modified by the omission of N and the substitution of P' for P. It remains true, however, th a t the angular distributions on the assumption of ordinary forces will show more variation than those derived from exchange forces, whatever their detailed shape.
A possible source of inaccuracy in our calculations, as in the work of all other authors on the subject, arises from the neglect of the polarization of the deuteron by the incident neutron. I t is difficult to estimate the effect of this, although Ochiai (1937) has obtained some evidence that, a t least for the 80 phases, it is unimportant. The fact th a t we obtain good agreement with observed total elastic cross-sections over the range from 0 to 2 MV seems to confirm this.
The agreement of our results with those of Ochiai and Flugge, where they are comparable, suggests th at the 80 phases are not very sensitive to the shape assumed for the potential function V(r), but this is less likely to be true for the 8X phases. The general differences between ordinary and exchange forces will probably persist, however. I t is clear th a t more experimental information is urgently required as there is some prospect of deciding a t the same time the validity of our theory and the reality of exchange forces.
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